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Deformation quantization and invariant distributions
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Abstract. We study Kontsevich’s deformation quantization for the dual of a finite dimensional
Lie algebra g. Regarding elements of S(g) as distributions on g, we show that the ⋆-
multiplication operator (r 7→ r ⋆ p) is a differential operator with analytic germ at 0.
We use this to establish a conjecture of Kashiwara and Vergne which, in turn, gives a
new proof of Duflo’s result on the local solvability of bi-invariant differential operators
on a Lie group.
Quantification par de´formation et distributions invariantes
Re´sume´. Nous e´tudions la quantification par de´formations dans le cas du dual d’une alge`bre de
Lie de dimension finie g. Conside´rant les e´le´ments de S(g) comme des distributions de
support 0 sur g, nous montrons que la ⋆-multiplication a` droite (r 7→ r ⋆ p) est un
ope´rateur diffe´rentiel a` germes analytiques en 0. Nous utilisons ceci pour e´tablir une
conjecture de Kashiwara-Vergne, ce qui fournit une nouvelle de´monstration du the´ore`me
de Duflo sur la re´solubilite´ locale des ope´rateurs diffe´rentiels bi-invariants sur un groupe
de Lie.
Version franc¸aise abre´ge´e
Soit G un groupe de Lie re´el connexe de dimension finie d’alge`bre de Lie g, et soit U = U(g) et
S = S(g), respectivement l’alge`bre enveloppante et l’alge`bre syme´trique de g, que nous identifions a`
l’alge`bre de convolution des distributions de support 1 sur le groupe G, et a` l’alge`bre de convolution
des distributions de support 0 sur g. Notons I = Sg,Z = Ug les sous-alge`bres d’invariants
correspondantes.
Soit U et S les espaces de germes en 1 et 0 de distributions sur G et g, et Z et I les sous-espaces
d’invariants correspondants. Nous avons les diagrammes commutatifs
U −→ U
↑ ↑
Z −→ Z
S −→ S
↑ ↑
I −→ I
Soit exp
∗
: S → U et exp∗ : U → S l’image directe et inverse au sens des (germes de) distribu-
tions. Soit q la fonction analytique sur un voisinage de 0 dans g :
q(x) :=
√
det
(
ead(x)/2 − e− ad(x)/2
ad(x)
)
.
Soit η l’application de S dans U
η(p) = exp
∗
(p q)
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Utilisant la me´thode des orbites de Kirillov, Duflo [Du] a montre´ que la restriction de η a` I est
un isomorphisme d’alge`bres de I sur Z, c’est-a`-dire :
η(p1 ∗g p2) = η(p1) ∗G η(p2) pour p1, p2 ∈ I,
ou` ∗G et ∗g sont respectivement le produit de convolution sur le groupe G et l’alge`bre de Lie g.
Soit D l’alge`bre des germes en 0 d’ope´rateurs diffe´rentiels a` coefficients analytiques sur g. Soit
R l’ide´al a` droite de D engendre´ par les germes de champs de vecteurs adja de´finis par l’action
adjointe de G sur g :
adj a(f)(x) =
d
dt
f(exp(−ta) · x)|t=0, a ∈ g.
Naturellement, S est un D-module a` droite – nous noterons donc l’action de D sur les distribution
a` droite.
Nous de´montrons le re´sultat suivant, conjecture´ en ge´ne´ral, et de´montre´ dans le cas re´soluble,
par Kashiwara –Vergne [KV, Corollary 1].
Theore`me 1. – Pour p dans I, l’ope´rateur Dp : S→ S appartient a` R :
P ·Dp = exp
∗ (η(P ∗g p)− η(P ) ∗G η(p)) .
Comme cela est explique´ dans [KV], ce re´sultat a plusieurs conse´quence importantes. D’abord,
comme les e´le´ments de R annulent les distributions dans I nous obtenons :
Theore`me 2. – Pour tout p dans I et P dans I, nous avons
η(P ∗g p) = η(P ) ∗G η(p).
Rappelons ensuite qu’une distribution Q sur G est appele´e distribution propre s’il existe un
caracte`re χ : Z −→ C tel que
Q ∗G z = χ(z)Q pour tout z dans Z.
On de´finit de meˆme les distributions propres sur l’alge`bre de Lie; nous obtenons le
Theore`me 3. – L’application η envoie les germes de distributions propres et invariantes sur
l’alge`bre de Lie sur ceux du groupe.
Ces re´sultats ont des conse´quences importantes pour l’analyse des ope´rateurs diffe´rentiels bi-
invariants sur G (voir version en anglais ci-dessous).
Nous de´montrons le The´ore`me 1 en nous appuyant sur le travail remarquable de M. Kontsevich
sur la formalite´ du complexe de Hochschild pour une varie´te´ diffe´rentiable [Ko]. Les e´tapes de la
de´monstration sont les suivantes. On de´montre d’abord que, dans notre cas, on peut poser h = 1
dans le produit ⋆, puis que, pour p fixe´ dans S(g), l’application ∂⋆p : r ∈ S 7→ r ⋆ p appartient a` D.
Nous de´montrons ensuite qu’une certaine se´rie formelle conside´re´e par Kontsevich [Ko] converge
dans un voisinage de 0 dans g vers une fonction τ(x). On de´montre ensuite que pour p ∈ I
l’ope´rateur Tp = ∂pτ − τ∂
⋆
pτ appartient a` R, ou` ∂p est l’ope´rateur de convolution par p dans g. On
compare enfin Tp et Dp en de´montrant la formule Dp = Tpτ
−1q.
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1. Invariant distributions
Let G be a finite dimensional real Lie group with Lie algebra g. We write U = U(g),S = S(g)
for the enveloping and symmetric algebras of g, and denote by I = Sg,Z = Ug the subalgebras of
g-invariants.
Let U and S be the spaces of germs at 1 and 0 of distributions on G and g, and let Z and I be
the subspaces of g-invariant distributions. We identify U and S with the convolution algebras of
distributions with point support 1 ∈ G and 0 ∈ g. Then we have the following inclusions
U −→ U
↑ ↑
Z −→ Z
S −→ S
↑ ↑
I −→ I
We denote by exp
∗
: S −→ U and exp∗ : U −→ S the pushforward and pullback of distributions
(germs) under the exponential map; and define η : S −→ U by
η(p) = exp
∗
(pq)
where q is the following analytic function on g :
q(x) :=
√
det
(
ead(x)/2 − e− ad(x)/2
ad(x)
)
.
Using the orbit method initiated by Kirillov, Duflo [Du] proved that the restriction of η to I is
an algebra isomorphism from I to Z, i.e.
η(p1 ∗g p2) = η(p1) ∗G η(p2) for p1, p2 ∈ I
where ∗g and ∗G denote convolution in the Lie algebra and Lie group respectively.
Let D be the algebra of germs at 0 of analytic coefficient differential operators on g, and let R
be the right ideal of D generated by the germs of the adjoint vector fields
adj a(f)(x) =
d
dt
f(exp(−ta) · x)|t=0, a ∈ g.
By virtue of the pairing between functions and distributions, S is naturally a right D-module,
and to emphasise this fact we shall write the action on distributions on the right.
We shall establish the following result which was conjectured by Kashiwara and Vergne, and
proved by them for solvable groups [KV, Corollary 1].
Theorem 1. – For p in I, the following differential operator Dp : S→ S lies in R:
P ·Dp = exp
∗
(
η(P ∗g p)− η(P ) ∗G η(p)
)
.
As is explained in [KV], this result has several important consequences. First, since operators
fromR annihilate distributions from I, we obtain the following extension of the Duflo isomorphism :
Theorem 2. – For p in I and P in I, we have
η(P ∗g p) = η(P ) ∗G η(p).
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Next, recall that a distribution Q on G is called an eigendistribution if there is a character
χ : Z −→C such that
Q ∗G z = χ(z)Q for all z in Z
Eigendistributions on the Lie algebra are defined similarly, and we obtain the following:
Theorem 3. – The map η takes germs of invariant eigendistributions on the Lie algebra to
those on the Lie group.
Another consequence is the following important result, which was conjectured by L. Schwartz
and proved by Duflo in [Du] by different methods. (See also [He], [Ra], [DR] for various special
cases):
Corollary. – Every nonzero bi-invariant differential operator on G is locally solvable.
This follows immediately from Theorem 2 and Rais’ lemma from [Ra] on the existence of invariant
fundamental solutions on the Lie algebra g.
2. Deformation quantization
We will deduce Theorem 1 from careful analysis of M. Kontsevich’s remarkable result on the
formality of the Hochschild complex of a smooth manifold [Ko].
Kontsevich’s main result leads to the construction of an explicit ⋆-product on the algebra of
functions on an arbitrary smooth Poisson manifold (X, γ). This ⋆-product is given by a formal
power series of bidifferential operators (depending on a parameter h¯).
In the special situation when X = g∗ is the dual of a finite dimensional Lie algebra g, and γ is
the usual Poisson bracket (dual to the Lie bracket); we can set h¯ = 1 and Kontsevich’s ⋆-product
descends to an actual product on the algebra of polynomial functions on g∗, which can be naturally
identified with S = S(g).
If, as before, we consider S as the algebra of distributions with point support (at 0 ∈ g), then
the ⋆-product can be viewed as a new convolution on S. The advantage of the distributional point
of view is the following key result:
Theorem 4. – Given p ∈ S there is a unique element ∂⋆p in D such that for all r ∈ S
r ⋆ p = r · ∂⋆p .
(As explained in the previous section, we are writing differential operators on the right.)
The proof of this result involves examining the Kontsevich ⋆-product formula, replacing mul-
tiplications by differentiation and vice versa. This results in an expression for ∂⋆p as an infinite
sum of polynomial coefficient differential operators of bounded order. The coefficients of the sum
are given by certain integrals which, while hard to compute, can be readily estimated to deduce
Theorem 4. The linearity of γ is crucial in these considerations.
Next, in [Ko, 8.3.3] Kontsevich introduces a certain formal power series
S1(x) = exp
(
∞∑
k=1
c2k tr(adx)
2k
)
,
where the constants c2k (denoted c
(1)
2k in [Ko]) are expressed as integrals of certain smooth differen-
tial forms (“angle forms”) over certain compact manifolds with corners (compactified configuration
spaces, introduced in [FM]). It can be checked that
cn ∼ α
n
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for some positive constant α. Hence in a neighborhood of 0 the power series S1(x) converges to an
analytic function which we shall denote by τ(x).
Theorem 5. – For p ∈ I, the operator Tp = ∂pτ − τ∂
⋆
pτ belongs to R.
Here ∂⋆pτ is the differential operator defined in Theorem 4 and r · ∂p := r ∗g p.
To establish this result, we study the expression
(r ∗g p)τ − (rτ) ⋆ (pτ)
for r ∈ S and p ∈ I, as in section 8.2 of [Ko]. This enables us to express Tp as an infinite sum of
differential operators each belonging to R, and Theorem 5 follows from Theorem 4.
Theorem 1 is now a consequence of the following lemma:
Lemma 1. – For p ∈ S, we have
Dp = Tpτ
−1q.
To prove this lemma it is enough to show that r · Dp = r · (Tpτ
−1q) for r in S. In turn, this
follows from the fact that there is a canonical isomorphism κ : S → U (denoted I−1alg in [Ko]) which
satisfies the relations [Ko, 8.3.1]
κ(r ⋆ p) = κ(r) ∗G κ(p)
and [Ko, 8.3.4]
κ(rτ) = η(r) = exp
∗
(rq) for r ∈ S.
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